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Abstract: Nonlinear differential-difference
equations and systems thereof arise in
multiple disciplines at present, and the
existence and multiplicity of their solutions
constitute a hot research topic. This paper
systematically sorts out the analytical
approaches and major research achievements
of variational methods applied to nonlinear
differential-difference equations and systems.
By virtue of critical point theory tools
including the Mountain Pass Lemma, Linking
Theorem, Nehari Manifold Method and
Morse Theory, criteria for the existence and
multiplicity of solutions are established.
Derivative approaches such as the Variational
Iteration Method also exhibit satisfactory
performance in constructing approximate
analytical solutions to nonlinear differential-
difference equations. Variational methods
provide a unified and powerful analytical
framework for investigations on nonlinear
differential-difference equations and systems,
and the in-depth integration between
variational methods and critical point theory
remains a vital research direction in this field.
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1. Introduction
Nonlinear differential-difference problems
widely exist across various disciplines, and such
equations and systems are generally derived
from mathematical modeling of sophisticated
natural phenomena and engineering problems.
Their inherent nonlinearity makes it extremely
difficult to obtain analytical solutions. Up to
now, numerous scholars have conducted in-
depth studies on the existence and multiplicity of
solutions to nonlinear differential-difference
problems. The core idea of variational methods
is to convert the problem of solving differential
or difference equations into the problem of
seeking critical points of corresponding

functionals, and then adopt various tools from
critical point theory to verify the existence and
multiplicity of solutions. This paper constructs
the fundamental theoretical framework for
applying variational methods to nonlinear
differential-difference equations and systems,
with focused discussions on functional
construction, verification of compactness
conditions and the application of core tools in
critical point theory, alongside prospects for
developmental trends within this research field.

2. Fundamental Theoretical Framework of
Variational Methods

2.1 Variational Principles and Functional
Construction
Constructing an equivalent relationship between
differential/difference equations and functional
extremum problems lies at the heart of
variational methods. For a given nonlinear
differential equation or system, a suitable energy
functional needs to be constructed such that the
critical points of this functional exactly
correspond to the solutions of the original
equation. Such construction generally relies on
the variational structure of the target equation,
namely whether the equation can be formulated
as the Euler-Lagrange equation of a certain
functional.For nonlinear differential equations,
the energy functional is usually defined on
appropriate Sobolev Spaces. Taking a semilinear
elliptic equation of standard form as an example,
its corresponding energy functional can be

formulated as
   dxuxFdxu

2
1uI

2

  ， ,
   dssxfuxF

u

0 ，， . In this formula, the critical
point u of the functional should satisfy   0I ' u ,
it’s a solution to the original equation. For
nonlinear difference equations, the functional is
defined on appropriate sequence spaces such as
weighted Hilbert Spaces. Based on discrete
variational principles, the solutions to difference
equations can be equivalently characterized as
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critical points of discrete energy functionals.

2.2 Core Tools of Critical Point Theory
Functionals corresponding to many nonlinear
problems are neither bounded above nor
bounded below, so their critical points cannot be
simply obtained via elementary extremum
principles. Mathematicians have therefore
developed a series of profound critical point
theorems.
The Mountain Pass Lemma stands among the
most widely applied tools in practical research.
This lemma states: if a functional I satisfies the
Palais-Smale Condition ((PS) Condition), there
exist two points u0, u1 such that I(u0),
I(u1)≤0, while the maximum value of the
functional along any continuous path connecting
u0, u1 exceeds a positive constant, then the
functional I admits a nontrivial critical point.
The Linking Theorem and its generalized
versions are applicable to functionals with
indefinite structures, and can currently handle
strongly indefinite problems. The Nehari
Manifold Method obtains critical points by
restricting the functional to attain its minimum
value on a specific manifold. Moreover,
Ricceri’s Three Critical Points Theorem and
Morse Theory serve as powerful tools for
investigating multiple solutions[1].

3. Applications of Variational Methods to
Nonlinear Differential Equations

3.1 Quasilinear Elliptic Systems
Quasilinear elliptic systems represent a core
research object within the theory of nonlinear
differential equations. The Mountain Pass
Lemma can be utilized to prove the existence of
nontrivial solutions to such systems. For
parameter-dependent quasilinear elliptic systems
defined on bounded domains, properties of the
Nehari Manifold can be adopted to verify the
existence of nontrivial solutions; combined with
the Picone Identity, the nonexistence of solutions
can be further discussed to derive complete
bifurcation conclusions. For problems defined
on the entire Euclidean space, a composite
approach integrating the Upper-Lower Solution
Method, Mountain Pass Lemma and Leray-
Schauder Fixed Point Theorem can prove the
existence of nontrivial nonnegative solutions[2].

3.2 Semilinear Elliptic Equations and Systems

in Two-Dimensional Spaces
Two-dimensional spaces occupy a special
position due to the critical nature of the
Trudinger-Moser Inequality. Combined with
eigenvalue problems involving indefinite
weights and critical potentials, the Trudinger-
Moser Inequality can verify the existence of
nontrivial solutions. For semilinear elliptic
systems with strongly indefinite terms, the
Generalized Linking Theorem, Trudinger-Moser
Inequality and Concentration Compactness
Principle are jointly adopted to establish the
existence of solutions under subcritical and
critical growth conditions, respectively[3].

3.3 Physical Applications
Variational methods have extensive applications
in physics. For instance, the second harmonic
generation problem in nonlinear optics can be
transformed into solving coupled equation
systems; variational methods not only prove the
existence of nontrivial solutions, but also support
numerical simulation to optimize the design of
optical frequency doubling devices. In research
on Nonlinear Schrödinger Equations, variational
methods are employed to verify the existence
and orbital stability of standing wave solutions.
Furthermore, discrete ideas from nonstandard
finite difference schemes are adopted to
construct variational integrators for Nonlinear
Schrödinger Equations, and the resulting
integrators possess multi-symplectic structures.

4. Applications of Variational Methods to
Nonlinear Difference Equations

4.1 Multiple Solutions to Second-Order
Nonlinear Difference Equations and Systems
Second-order nonlinear difference equations
constitute the most fundamental and important
category in difference equation theory. By
converting equation solutions into critical points
of energy functionals defined on appropriate
function spaces, abundant results regarding the
existence of multiple solutions have been
achieved.
For Dirichlet boundary value problems, when
nonlinear terms possess asymptotic linearity at
infinity, variational methods integrated with
Critical Groups and Morse Theory can prove
that the equation admits at least two nonzero
solutions under resonant conditions, with critical
points of both positive and negative energy
functionals taken into consideration.
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Additionally, Ricceri’s Three Critical Points
Theorem guarantees the existence of at least
three solutions when nonlinear terms satisfy
appropriate constraints.
In terms of generalized boundary value
conditions, the invariant set method of
descending flows combined with variational
approaches establishes criteria for the existence
of at least four distinct solutions to second-order
nonlinear functional difference equations
containing both advance and retardation terms
under various boundary conditions. These
solutions include sign-changing solutions,
positive solutions, negative solutions and the
trivial solution. This finding breaks the
limitation of previous studies which mainly
focused on positive or merely nontrivial
solutions, and provides new theoretical tools for
investigations on sign-changing solutions.
Systematic variational frameworks and criteria
for nontrivial solutions have also been
established for boundary value problems of
second-order difference equations involving
Jacobi Operators[4].

4.2 High-Order Nonlinear Difference
Equations
The main difficulty in applying variational
methods to high-order difference equations lies
in functional construction and compactness
verification arising from elevated orders of
discrete derivatives.For fourth-order difference
equations, a variational functional is formulated
to convert the existence of periodic solutions
into the existence of functional critical points.
Sufficient conditions for at least one periodic
solution are derived via critical point theory and
space decomposition techniques. Variational
methods and critical point theory are adopted to
study boundary value problems of a class of
fourth-order nonlinear difference equations,
yielding sufficient conditions for the existence of
at least two nontrivial solutions, n pairs of
distinct nontrivial solutions, as well as the
nonexistence of solutions. For discrete resonant
boundary value problems, Critical Groups and
Morse Theory are combined to establish the
existence of nontrivial solutions. Boundary value
problems of high-dimensional fourth-order
difference equations can also be equipped with
variational frameworks, and critical point theory
delivers existence results under sublinear,
superlinear and Lipschitz conditions
respectively.In recent years, variational methods

and critical point theory have formulated criteria
for at least three anti-periodic solutions to high-
order difference equations with p-Laplacian
Operators containing both advance and
retardation terms. Critical point theory is also
applied to verify the existence of nontrivial
homoclinic orbits for high-order difference
systems with advance and retardation terms[5].

4.3 Variational Iteration Method
Beyond direct critical point theory approaches,
the Variational Iteration Method acts as another
vital tool for solving nonlinear differential-
difference equations. By constructing correction
functionals and introducing general Lagrange
Multipliers, exact or approximate analytical
solutions to nonlinear equations can be
efficiently derived. Its primary advantage lies in
eliminating the requirement to discretize,
linearize or introduce perturbation parameters
for nonlinear components, which reduces
computational cost remarkably. This method is
applicable to both weakly and strongly nonlinear
equations.
Within the scope of nonlinear differential-
difference equations, the Variational Iteration
Method has been extended to solve classic lattice
equations including Volterra Lattice Equations,
Modified Volterra Lattice Equations and Toda
Lattice Equations. For time-delay differential
equations, the Variational Iteration Method is
adopted to solve first- and high-order vanishing
delay differential equations, and convergence
proofs for iterative schemes are established. For
fractional-order nonlinear differential equation
systems, modified Variational Iteration Methods
exhibit faster convergence rates compared with
standard schemes.

5. Conclusion
In summary, variational methods provide a
unified and effective analytical toolbox for
research on nonlinear differential-difference
equations and systems. In practical analysis, the
solutions of target equations can be transformed
into critical points of energy functionals. Diverse
critical point theory tools — including the
Mountain Pass Lemma, Linking Theorem,
Nehari Manifold Method and Morse Theory —
enable abundant conclusions on the existence
and multiplicity of solutions. Existing research
has yielded rich results concerning the existence
and multiplicity of solutions for boundary value
problems of quasilinear elliptic systems,

Journal of Statistics and Economics (ISSN: 3005-5733) Vol. 3 No. 4, 2026 65

Copyright @ STEMM Institute Press http://www.stemmpress.com



semilinear elliptic equations and various
nonlinear difference equations. As an extension
of variational thinking in the field of
approximate computation, the Variational
Iteration Method offers an efficient numerical
pathway to construct analytical approximate
solutions for nonlinear differential-difference
equations. Further in-depth research is required
to thoroughly explore unresolved issues within
this field in future work.
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